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Abstract 

In this paper, we continue development of the theory of contractive Markov 
systems (CMS) initiated in m Also, this work can be seen as a small 
contribution to the theory of equilibrium states. 

We construct an energy function on the code space, using the coding 
map from m, and show that the generalized Markov measure associated 
with an irreducible CMS is a unique equilibrium state for this energy 
function if the vertex sets form an open partition of the state space of the 
CMS and the restrictions of the probability functions on their vertex sets 
are Dini-continuous and bounded away from zero. 
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1 Introduction 


In 221) we introduced a theory of contractive Markov systems (CMS) which 
provides a unifying framework in so-called ’fractal’ geometry. It extends the 
known theory of iterated function systems (IFS) with place dependent probabil¬ 
ities, which are contractive on average, mu in a way that it also covers graph 
directed constructions of ’fractal’ sets jH]. In particular, Markov chains associ¬ 
ated with such systems naturally extend finite Markov chains and inherit some 
of their properties. 

*The work was partially supported by EPSRC and School of Mathematics and Statistics 
of University of St Andrews. 
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By a Markov system we mean the following structure on a metric space (K, d), 
which generates a Markov process. It is given by a family 

{K,^e),We,Pe)^^E 

(see Fig. 1) where E is the set of edges of a finite directed (multi)graph (V, E, i, t) 
(V := {1, is the set of vertices of the directed (multi)graph (we do not 

exclude the case N = 1), i : E —> 1/ is a map indicating the initial vertex of 
each edge and t : E —> 1/ is a map indicating the terminal vertex of each edge), 
Ki, K 2 ,..., if AT is a partition of the metric space K into non-empty Borel subsets, 
{we)eeE is a family of Borel measurable self-maps on the metric space such that 
We {Kii^e)) C ift(e) for &\\ e & E and {pe)eeE is a family of Borel measurable 
probability functions on K (i.e. Peix) > 0 for all e € E and J2eeEPei^) = 1 
for all X G K) (associated with the maps) such that each pe is zero on the 
complement of ifi(e). 


N = 3 if 2 



Fig. 1. A Markov system 


A Markov system is called irreducible or aperiodic iff its directed graph is irre¬ 
ducible or aperiodic respectively. We call a Markov system (ifi(e), 
contractive with an average eontraeting rate 0 < a < 1 iff it satisfies the following 
condition of contractiveness on average: 

Pe{x)d{weX, Wev) < ad{x, y) for all x, y G ifi, i = 1,..., N. (1) 

eeE 

This condition was discovered by R. Isaac in 1961 0 (for the case iV = 1). 

Markov system (ifi(e), We,Pe)gg^ determines a Markov operator U on the set 
of all bounded Borel measurable functions C°{K) by 

Uf := pef o We for all / G £°(if) 

eGE 
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and its adjoint operator U* on the set of all Borel probability measures P{K) 
by 

U*v{f) := J U{f)dv for all / G C°{K) and u G P{K). 

Remark 1 Note that each map We and each probability Pe need to be defined 
only on the corresponding vertex set . This is sufficient for the condition 
o and the definition of U*. For the definition of U, we can consider each We 
to be extended on the whole space K arbitrarily and each Pe to be extended on 
K by zero. 

Also, the situation applies where each vertex set Ki has its own metric di. In 
this case, one can set 


d{x,y) 


di{x,y) ifx,yeKi 
oo otherwise 


and use the convention 0 x oo = 0. 


We say p G P{K) is an invariant measure of the CMS iff U*p = y. A Borel 
probability measure y is called attractive measure of the CMS if 

y for all u G P{K), 

where w* means weak* convergence. Note that an attractive probability mea¬ 
sure is a unique invariant probability measure of the CMS if U maps continuous 
functions on continuous functions. The following theorem states some properties 
of such CMSs. 

Theorem 1 Let K be a metric space in which sets of finite diameter are rela¬ 
tively compact. Suppose (^Kyf.),We,Pe)is a CMS with an average contracting 
rate 0 < a < 1 such that the family Ki,...,Kpf partitions K into open subsets 
and each pe\Kn^) is continuous on A'i(e). Then the following hold: 

(i) The sequence {U*^5x] is tight for all x G K, i.e. for all e > 0, there 
\ / fceu 

exists a compact subset Q C K such that U*^5x{Q) > 1 — e for all fc G N. 

(a) The CMS has an invariant Borel probability measure y. 

(in) The invariant probability measure y is unique iff 

1 f 

— U^g{x) / gdy for all x G K and g G Cb{K)- 


(iv) If the invariant probability measure is unique, then 
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For the proof see m- 

Furthermore, it was shown in m that contractive Markov systems inherit some 
properties of finite Markov chains if the restrictions of the probabilities on their 
vertex sets satisfy some stronger conditions. Namely, it has a unique invariant 
probability measure in an irreducible case and an attractive probability measure 
in an aperiodic case if the vertex sets Ki,Kjq form an open partition of the 
state space and each Pe\Kn^) is Dini-continuous and bounded away from zero 
(see also for the case of constant probabilities and compact state 

space). 

A function h : (X, d) —> R is called Dini-continuous iff for some c > 0 



Ht) 


dt < oo 


where (j) is the modulus of uniform continuity of h, i.e. 


(j){t) := sup{|/i(a:) - h{y)\ : d{x,y) <t, x,y € X}. 


It is easily seen that Dini-continuity is weaker than Holder and stronger than the 
uniform continuity. There is a well known characterization of Dini-continuity, 
which will be useful later. 


Lemma 1 Let 0 < c < 1 and b > 0. A function h is Dini-continuous iff 

OO 

cj) (be") < oo 

n—0 

where (j) is the modulus of uniform continuity of h. 

The proof is simple (e.g. see M)- 

Also, associated with the Markov system is a measure preserving transformation 
S : (T,, B{Ti), M) —> (T,, B{Ti), M), which we call a generalized Markov shift, 
where S := {(..., cr_i, ao, (Ti, ...) : ai G E \/i G h} is the code space provided with 
the product topology, H(E) denotes Borel cr-algebra on E and M is a generalized 
Markov measure on H(E) given by 

M {m[ei, ...,ek]) ■■= J PeAx)pe2{WeiX)...Pek{We^_,, O ...OWeiX)dfl{x) 

for every cylinder set ^[ei,...,ek] := {cr £ E : ccrn = Ci, ...,a^+k-i = Cfe}, 
m Gh, where p is an invariant Borel probability measure of the Markov system, 
and S is the usual left shift map on E. It is easy to verify that S preserves 
measure M, since U* p = p (see d). 

For a contractive Markov system (CMS), the Markov process associated with 
the CMS can be represented as a factor of the generalized Markov shift via a 
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coding map F : {T,, M) —> K which was constructed in It is defined 

by 


F, 


(cr) := lim w„g o o ... o ) for M-a.e. cr S S, 

m—»■ —oo '' ' 


under some conditions (see the next lemma), where Xi € for each i = 1, N . 

Lemma 2 Suppose that Pelx^^) is Dini-continuous and there exists (5 > 0 such 
that Pelifife) ^ 5 for all e G E. Let Xi,yi S Ki for all 1 < i < N. Then the 
following hold: 

(i) Fxi...xn is defined M-a.e., 

(ti) Fxi...X 2 <! — ^yi-.-VN FI-a.e.. and 

(in) There exists a sequence of closed subsets Qi C Q 2 C ... C S with 
limfe^oo M(Qfe) = 1 such that all . |q^ are locally Holder-continuous with 

the same Holder-constants. 

In the following, we fix xi, ..., xn and denote the coding map simply by F. This 
coding map is the key tool for our investigation. 

Example 1 (decimal expansion) Consider ten maps We, e G E := {0, ...,9}, 
on ([0, 1], j.j) given by We{x) := l/lOx + e/lO for all x G [0, 1]. Obviously, for any 
family of probability functions Pe, e G E, the family ([0, l],We,Pe)eeE is a CMS. 
The coding map for this CMS is nothing else as the usual decimal expansion of 
real numbers from [0,1]. 

Example 2 Let G := {V,E,i,t) be a finite irreducible directed (multi)graph. 
Let Eq := {(..., (T_i, (To) : am G E and t{am) = i(am-i) Vm G Z\N} {one-sided 
subshift of finite type associated with G) endowed with the metric d{a,a') := 2^ 
where k is the smallest integer with ai = cr' for all fc < i < 0. Let g be a 
positive, Dini-continuous function on Eg such that 



g{y) = 1 for all x G Eg 


yeT-i({x}) 


where T is the right shift map on E^,. Set Ki := {cr G Eg, : ^(cto) = *} for every 
i GV and, for every e G E, 

We{a) := (...,cr_i,cro,e), pe{a) := g(..., cr_i, tJo, e) for all cr G iCi(e). 

Obviously, maps {we)e&E are contractions. Therefore, We,Pe)gg^ defines 

a CMS. An invariant probability measure of such a CMS is called a g-measure. 
This notion was introduced by M. Keane |2]. In this example, the coding map 
F : Eg —> Eg is nothing else as the natural projection, and the generalized 
Markov measure is the natural extension of the ^-measure (or in other words, 
the g-measure is the image of the generalized Markov measure under the coding 
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map). The equivalence between g-measures and equilibrium states for log g was 
elaborated by Ledrappier [2l. See also EH for a proof of the uniqueness of the 
equilibrium state in this example. 

In this paper, we are concerned with the following question. Is the generalized 
Markov measure associated with a CMS a unique equilibrium state for some 
energy function? We report here that the answer to this question is YES, 
under some conditions (see Corollary QJ. The result seems to be beyond the 
well known thermodynamic formalism. It turns out that our energy function 
is not upper semicontinuous in general (see Example EJ. Recall that the upper 
semicontinuity of an energy function is a widely used condition in the rigorous 
theory of equilibrium states which insures that the convex set of equilibrium 
states is non-empty and compact in the weak* topology (see e.g. [^). 

Also, an interesting point of the presented result is that it introduces some 
symbolic dynamical systems of infinite type, which have the full measures M. 

Definition 1 Let Y be a metric space and T a continuous transformation on 
it. Denote by P{X) the set of all Borel probability measures on X and by 
Pt{X) the set of all T-invariant Borel probability measures on X. We call a 
Borel measurable function / : X —> [— 00 , 0] an energy function. Suppose that 
T has a finite topological entropy, i.e. supegp,j,(x) h^iT) < cx), where hQ{T) is 
the Kolmogorov-Sinai entropy of T with respect to measure 0. We call 

P(/)= sup (he(T) + 0(/)) 

0ePT{x) 

the pressure of /. We call A G Pt{X) an equilibrium state for / iff 

hA(T) + A(/) = P(/). 


Note that sup 0 gpg(' 2 ) ^^ 0 {S) = log \E\ (e.g. Example 4.2.6 in (HI). 


2 Main part 


Let 

M := {Ki(^),We,Pe) 

be a contractive Markov system with an average contracting rate 0 < a < 1 
and an invariant Borel probability measure p.. We assume that: (AT, d) is a 
metric space in which sets of finite diameter are relatively compact and the 
family partitions K into non-empty open subsets; each probability 

function Pe\Kn^) is uniformly continuous and bounded away from zero by <5 > 0; 
the set of edges E is finite and the map i : E —> V is surjective. Note that the 
assumption on the metric space implies that it is locally compact separable and 
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complete. We shall denote the space of all bounded continuous functions on K 
by Cb{K). 

We consider S endowed with the metric d'(cr, a') := (1/2)'^ where k is the largest 
integer with ai = cr- for all |i| < k. Fix Xi S Ki for all i = 1,N. 

The construction of the energy function goes through a definition of an appro¬ 
priate shift invariant subset of S on which the energy function shall be finite. 

Let 

Eg := {cr e s : t{aj) = Vj £ Z}, 

Z? := {ct e Eg : lim Wag o Wa^i o ■■■ o Wa^Xii„ ) exists} 

m —S- —oo 

and 

OO 

y:= f| S^{D). 

i— — oo 


Lemma 3 (i) F{a) is defined for all a & Y and Y is a shift invariant subset 
ofYa. 

(a) If each Pe|ifi(e) is Dini-continuous, then M{Y) = 1. 

(Hi) If each Pelifife) is Dini-continuous and the CMS has an invariant probability 
measure p such that /i(iLi(e)) > 0 for all e G E. Then Y is dense in Eg. 

Proof, (i) is clear, by the definitions of F and Y. Note that the condition of 
the contractiveness on average and the boundedness away from zero of the func¬ 
tions Pe|A:i(e) imply that each map WelK^^) is continuous (Lipschitz). Therefore, 
S{D) C D. By Lemma 121 M{D) = 1. This implies that M(Y) = 1. If in 
addition /i(Zfi(e)) > 0 for all e G E, then M{0) > 0 for every open O C Eg. 
This implies (in). □ 

Remark 2 (i) Note that Y and F depend on the choice of xfis. By Corollary 
1 in m, Y changes only modulo M-zero set by a different choice of Xi’s. 

(ii) If all maps We\Kng) are contractive, then Y = Eg and T|eg is Holder- 
continuous (easy to check). 


In the following, we are going to represent the generalized Markov measure M 
as a unique equilibrium state for the energy function u given by 


u{a) = 


logpo-i o T(cr) if cr £ y 
—c» if cr £ E \ y 


( 2 ) 


if the CMS has a unique invariant Borel probability measure and M(fY) = 1. 
Let’s consider a simple example which illustrates F, Y and u. 

Example 3 Let {K,d) = (R, |.|). Consider two maps 

wo{x) := —X, wi{x) := 2x for all x £ R 
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with probability functions 

Po{x) := ^ sin^ x + pi(a;) := ^ cos^ a: + ^ for all a; G K. 

6 24 6 8 

Then a simple calculation shows that (K, We,Pe)eG{o,i} defines a CMS with an 
average contracting rate 45/48. In this case, Sg = {0, 1}^. If we take a; = 0 for 
the definition of Y, then, obviously, Y = Yq- Now, let a; 7 ^ 0. Let Non{a) and 
Nin{a) be the numbers of zeros and ones in ((T_„, ..., crp) respectively for every 
a £ Eg. Then, obviously, a ^Y \{ (7Vi„(cr) — Nonicr)) 00 . Hence, Y ^ Yq 
and, by Lemma|31(iii), F is a dense shift invariant subset of Eg- Since Y is not 
closed, u is not upper semicontinuous. 

Also, it is not difficult to see that in a general case there is no hope to find Xi 
such that u becomes upper semicontinuous, e.g. change Wi to Wi{x) = 2a; + 1, 
then, for any choice of x for the definition oiY,Y ^ Eg- 


In what follows, we shall denote the restrictions of F and M to F by the same 
letters. 

Definition 2 Let Aq be the finite cr-algebra on E generated by the zero-time 
partition. Set T := V^o Let A G Ps(Y). Define, for e G E, 

gAe := Ea (li[e]|.F) and gA{cr) := gAaA<^) for A-a.e. cr G E, 

where Ea{-\-) denotes the conditional expectation with respect to A. Note that 
we can consider gAeip) = cr_i, (Tq) for all cr G E. 

We are going to show that every A G Ps{Y) is an equilibrium state for a version 
of log^A, but first let’s see some properties of the function gA- 

Lemma 4 Let A G Ps(Y). 

(i) 0 < (7A < 1 A-a.e.. 

(**) 'EeeEdAe = 1 A-a.e.. 

{Hi) A{{gA = 0}) = 0. 

(w) 1/ffA, loggA e -Ci(A). 


Proof, {i) and {ii) are clear by the properties of the conditional expectation. 
For (Hi), observe that 


A{{gA = 0 }) 


/ li[e]dA 


E 

eeE 


{3Ae=0} 


gAedA = 0. 
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For (iv), by the pull-out property of the conditional expectation ( see e.g. The¬ 
orem 10.1.9 in (2), 


— An] dA 
9A 


eeE 




= E 


eGE ‘ 


gAe 


A n 


T dA 


eeE 




S El 


eeE 


for all n G N. Hence, l/gA £ 'C^(A). Since log a; < x — 1, 

j lloggA^A = j 


^ J 

< oo. 


-1 1 dA 

9A 


Thus, loggA £ C^iA). 


□ 


Lemma 5 Let A £ Ps(T,). For each e € E, let g^e be a Borel measurable 
version of g^e such that logg\ is an energy function and J2e&E dAei^') < 1 for 
all cr £ E. Then A is an equilibrium state for log^A and 

hAiS) + A(log5A) = 0, 

i.e. P(log5A) = 0. If Q G T’s(E) is also an equilibrium state for log^A, then 
ge = gA 0-a.e.. 


Proof. The proof goes similarly to that of Theorem 1 in [J]. The key for the 
proof is the pull-out property of the conditional expectation ( see e.g. Theorem 
10.1.9 in 12). 

Since Aq is a generator for the Borel cr-algebra, we know (see e.g. M) that 

hAiS) = -J 2 f EA{l,ie]\:F)logEA{l,[e]\:F)dA. 
e^E'^ 


By Lemma [2| l^[e]log^Ae ^ for all e G E. Therefore, by the pull-out 
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property of the conditional expectation, 

hA{S) = j li[e] loggAedA 


eGE " 


li[e]l0ggAdA 

- j log g^dk. 


For the first part of the Lemma, it remains to show that 

he{S) + 0(loggA) < 0 for all 0 G Ps(Jl)- 

Let 0 G Psi'S). By the above, hQ{S) = —<d{logge). If 0({gA = 0}) > 0, then 
he(S') + 0(loggA) = —oo < 0. Otherwise, since logo: < a: — 1 for all a; > 0, it 
follows that 


heiS)+ 0{\oggA) = log—dQ 
J ge 


< 


g_A 

5A 


ge 


- 1 d0. 


By Lemma El l^[e\{gAe/gee — 1) G /1^(0) for all e G E. Therefore, by the 
pull-out property of the conditional expectation. 


^ - 1 U0 
ge 


eG-E ‘ 


= E 


eGE ‘ 


li[e] 

1-1 

I 

I 

<\ 

I de 


\gee ) 


gee ( 

( gAe 

dQ 


Kgee J 


(5Ae 

- gee) dQ 



eGE 


< 0 . 


Hence, 


he(S') + 0(loggA) < 0, 
i.e. A is an equilibrium state for log^A- 
Now, suppose 00 is also an equilibrium state for log^A, i-e. 


^eo(>S') + 0o(logffA) = sup (he(S') + 0(loggA)) =/iaC^)- b A(loggA) = 0. 
0GPs(S) 


Then, by the above, the following equality must hold true: 
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But it is true if and only if 

log-^ = - 1^ 00 -a.e.. 

500 \ff0o J 

And the latter happens if and only if ©o-a.e.. □ 

Now, we are going to prove what seems to be the main lemma for the generalized 
Markov shift associated with a contractive Markov system. For that we need to 
define some measures on the product space AT x S. 

Denote by A the finite cr-algebra generated by the partition {o[e] : e G A} of S 
and define, for each integer m < 1, 

+ 00 

Am ■■= V 

i—m 

which is the smallest cr-algebra containing all finite cr-algebras Vr=m S~'^A, n > 
m. Let X € K. For every integer m < 1, let P™ be a probability measure on 
cr-algebra Am given by 

Pr(m[em,-■,e„]) = Pe^{x)pe^+i{We^ix))...pe^{We^_-, O ...OWe^ix)) 

for all cylinders m[^m, n > m. By Lemma 1 from 2^, x i—> P^{A) is 

a Borel measurable function on K. Therefore, we can define, for every integer 
m < 0, 

Mm (A X Q) := J (Q) dp(x) 

A 

for all A G B{K) and all Q G Am- Then Mm extends uniquely to a probability 
measure on the product cr-algebra B{K) (g) Am with 

Mmin) = J P™ ({a G E : (x, a) G D}) dpix) 

for all fl G B{K) ® Am- Note that the set of all D G B(K) ® Am for which 
the integrand in the above is measurable forms a Dynkin system which contains 
the set all rectangles A x Q, A G B{K), Q G Am- As the latter is fl-stable 
and generates B{K) 0 Am, the integrand is measurable for all D G B{K) ® Am- 
Further, note that P™ ({cr G E : (x, cr) G D}) = J ln(ai, cr)c?P™(cr) for all fl G 
B{K) ® Am- Therefore 

j sdMm = J J s{x,a)dP^{a)dp{x) 

for all B{K) ® Am-simple functions s. Now, let tp he a B[K) ® Am-measurable 
and Mm-integrable function on iL x E. Then the usual monotone approximation 
of positive and negative parts of ip by simple functions and the B. Levi Theorem 
imply that 

J ipdMm = J J 'ip{x,a)dPP^{a)dp,{x). 
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Lemma 6 Suppose M is a CMS with an invariant Borel probability measure fj, 
such that C := Sk dfj,{x) < oo for some Xi € K, i = 1, N , and 

M{Y) = 1, where M is the generalized Markov measure associated with A4 and 
pL. Then 

Em (li[e] 1-^) = Pe ° F M-a.e. for all e G E. 

m 

Proof. Fix e G E. Let Em ■= V S’'{A) for all m G Z\N. Let’s use the notation 

i=0 

{am,---Eo)* iff M{m[(7m, ■■■Eo]) > 0. Then obviously 

/ ll[e] dM 

Em (a) = i: 1-1...„i(a) 

for all M-a.e. if G S. By Doob’s Martingale Theorem, 

Em {l^[e]\Em) Em (li[e]|^) M-a.e.. 


Now, set 

■■= w„g O ... o w„^{x) and Ym{a) := w^ro o ... o 
for all a; G -ff, (T G S and to < 0. Then 
\Em {l^[e]\Em) -PeO F\ 

f PeO Z^{a) dMm{x,a) 

- PeOYr 


^ E 

(o-m.-.-.O-o)* 




MmiK 

^ m \p^m 7 ■ ■■ 5 f^o]) 


f-m[o-m,--- 0 'o] + \Pe ° 


/ \peO Z^{a) - PeOYml dMm{x,a) 

— / , / 7-^ r Imlo-m.-.-CTo] T ITe ° ^ 

Mm{K Xm[(Jm,—,(Jo]) 


Set 


Qm := ^{x,a) e K X Y : d(Z^(a),Ym(cr)) > a 2^ cj . 

Observe that, by the contractiveness on average condition, 

j d{Z^{a),Ym{<j)) dMm{x,a) 

/ E P<^mi^)---P<yoi'^^-l ° ■■■ °'^^mX)d{wao O ... OWa^X,Wag o ... OWa^Xi(^^^ 

N 

J d{x,Xi) dfj,{x) 


< a 


= a-'^+^C. 


(3) 

-PeOF\ 

-PeOF\. 

)) dfj,{x) 
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Hence, 
that is, 
Therefore, 

where 


a^CMm{Qm)<a-^+^C, 

Mm (Qm) < 

& < Xm + Ip + \peoYm - PeO F\ M-a.e., 

Mm iQm {X Xm [Cm; •■•7 ^o])) - 


"-.A.. 

and (j) is the modulus of uniform continuity of Pe\Ki(^^ ■ Then 



J XmdM = Mm {Qm) < O = . 

Set 

r . , -m + l '1 

flm := |cr G S : Xm{cr) > j . 

Then 

a ^ M (flm) < / Xm dM < a ^ 



Hence 

XI {Tim) < a * . 

Set 

^ ■= n u 


n<0 m<n 

Then Xm{(r) - 

0 for all cr G S \ fl, and 


(4) 


M{n) = 0 , 

by the Borel-Cantelli argument. Since each PelK^^-) is uniformly continuous and 
M{Y) = 1 implies that Ym —> F M-a.e., we conclude, by (@)), that 

\Em {l^[e]\Fm) - PeO F\^ Q M-a.e.. 


□ 

Proposition 1 Suppose Mi is a CMS with an invariant Borel probability mea¬ 
sure pL such that d{x,Xi) dp(x) < oo for some Xi G K, i = 

and M(Y) = 1, where M is the generalized Markov measure associated with M. 
and p. Then the following hold. 

(i) M is an equilibrium state for u. 

(a) P{u) = 0. 
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Proof. By Lemma El 

Em (li[e] 1-^) = Pe° F M-a.e. for all e G E. 
For each e G E, set 


9Me{cr) 


Pe o F(cr) if cr G y 
0 if tj G s \ y. 


Since M{Y) = 1, each pMe is a version of gMe which satisfies the hypothesis of 
Lemma El and u = log^M, where 5 m (o') := gMaiipr) for all cr G S. Hence, by 
Lemma El M is an equilibrium state for u, and also holds {ii). □ 


Proposition 2 Let A G PsCE) be an equilibrium state for u. Then 

U*F{A) = F{A). 


Proof. Since A is an equilibrium state for u, A(y) = 1 (otherwise hA{S)+A{u) = 
—oo < 0). Furthermore, by Lemma 5, 5 a = exp it A-a.e.. Hence, we can assume 
without loss of generality that 5a((t) = expM(cr) for all a gY. 

Now, let / G Cb{K) and _i[eo,e] n y 0. Then, by the shift invariance of A 
and the pull-out property of the conditional expectation. 


J foFdA = J Iqe]/o y o S'dA = J oweO F dA 

_i[eo,e] o[eo] o[eo] 

= J gAef OWeO F dA. 

o[eo] 

Let a Go [eo] n Y. Since o[eo,e] n y 7 ^ 0, there exists a' G Y such that a' = 
(...,(T_ 2 ,cr-i,eo,e,(T 2 ,cr 3 ,...)- Hence 5 Ae(o') = g^icr') = expM(cr') =peoF{a). 
Thus 

5 Ae(o') = Pe O F{a) for all a G o[eo] n Y. 

Therefore 

j = /p.oF/o„.oFdA, 

o[eo] o[eo] 

Summing for all bq G E gives 


J f o F dA = JpeOFfoWeOF dA. 


o[e] 


Hence, 


F{A){f) = J foFdA=Y, jpefowe dF{A) = U*F{A){f) 

e^E 


as desired. 


□ 
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Theorem 2 Suppose CMS A4 has a unique invariant Borel probability measure 
/i and M(Y) = 1, where M is the associated generalized Markov measure. Then 
the following hold. 

(i) M is a unique equilibrium state for the energy function u, 

(ii) F{M) = p,, 

(m) hMiS) = -EeeEfK,(,)P^^°SPe dp. 

Proof. By Theorem Q] (iv), d{x,Xi)dp{x) < oo for all Xi G Ki, i = 

1, N. Therefore, by LemmaEl 

Em (li[e] \E) = PeO F M-a.e. for all e G E. 

Hence, by Proposition M is an equilibrium state for u. 

Now, suppose A is another equilibrium state for u. This implies that A(y) = 1 
(otherwise h\{S) + A{u) = —oo < 0). Also, by LemmaEl 5 a(ct) = 9 M{cr) for 
A-a.e. a GE. Hence, we can assume, without loss of generality, that 

5 AO -1 (o') = Pai o F{a) for all a GY. 

Let [ei,...,e„] C S be a cylinder set such that [ei,...,eri] fl T 7 ^ 0. By the 
shift-invariance of A, 

A([ei,...,e„]) = J lpe„]dA= j gAe„dA. 

-n+ 2 [ei,...,en-i] _n+ 2 [ei,.--?en-i] 

Let a G _„+ 2 [ei,e„_i] n Y. Then there exists a' G Y such that tr' = 
(...,(T_i,(To,e„,(T 2 ,cr 3 ,...). Hence, gAe„(cr) = 5 a<t;(o'') =Pa[oF{a') =pe^oF{a). 
We conclude that 


5Ae„(o') =Pe„ O F{a) for all a G _„+2[ei,e„_i] DY. 

Note that F is W-measurable and F{Sa) = {F{a)) for all a GY. Therefore, 


9Aer,dA 




Pe^ o FdA 


n + 2[ei,...,en-l] 


J liK_i]Pe„ o-P o •S'dA 


3[ei,...,e„_2] 


i[e„_i]Pe„ O Ve„_ 


O , O FdA. 


-n + 3[ei,---, 6 , 1 - 2 ] 
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By using the pull-out property of the conditional expectation and repeating the 
above argumentation, we obtain that 


O O FdK 


-n + 3[ei.---,en-2] 


J Pe„_i O Fpe„ O O FdK 


3[ei ,...,6^-2] 




J PeiPe2 ° Wei---Pe„ O O O We^dF{K). 


Thus, the equality A = M will follow from F(A) = p, but this follows by the 
uniqueness of the invariant measure p, since U*F{A) = F{A) by Proposition [21 
Thus, the claims (i) and (ii) hold true. By Proposition Q] (ii) and LemmaO 


hM{S) 


This proves {in). 


“X! / ^M^ogpeoF dM 

eGE'^ 


— ^ PeO F logPe O F dM 

eGE'' 


- Pe logPe dp. 

e&Ey 

«i(e) 


□ 


Corollary 1 Suppose (^Kpf.pWeyPe)is an irreducible CMS such that each 
Pe|ifi(e) is Dini-continuous and hounded away from zero. Then the following 
hold. 

(i) The generalized Markov measure M is a unique equilibrium state for the 
energy function u, 

(ii) P{u) = 0, 

{Hi) F{M) = p, 

(iv) hM{S) = -Eee£;/K,(,)PelogPe dp. 


Proof. By Theorem 2 in jT^], the CMS has a unique invariant Borel probability 
measure. Since M{Y) = 1 by Lemma|2l(ii), the claims follow by TheoremOn 

Remark 3 The author would like to point out that a similar entropy formula 
as that proved in Theorem |2l (iv) plays a central role in the recent book of 
Wojciech Slomczynski cm. 
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Finally, we would like to make some remarks on why the result presented here 
might be interesting for the general theory of thermodynamic formalism. 

Remark 4 First of all, recall that the theory of equilibrium states is presented 
usually only for upper semicontinuous energy functions (see e.g. jHI)- The 
uniqueness of an equilibrium state is known on sub-shifts of finite type in general 
only for energy functions satisfying some stronger continuity conditions, e.g. 
Dini-continuity (note that the Dini-continuity and the regularity of a function 
coincide on one-dimensional lattices) i, m 

If all maps We of Ai are contractive and all probabilities PelK^e) Dini- 
continuous, then the coding map F is defined everywhere on T,c and is Holder- 
continuous. Hence, the energy function u is upper-semicontinuous and is 
Dini-continuous (easy to check, since logic < a; — 1). In this case. Corollary Q 
(i) fits nicely into the well known thermodynamic formalism. 

Now, let us consider u if Wg’s are contractive only on average. In this case, 
Y is not necessarily closed (see Example El, i.e. u is not necessarily upper 
semicontinuous. Therefore, even the existence of an equilibrium state for u is 
not guaranteed by the existing thermodynamic formalism. Moreover, by Lemma 
[21 we only know that for all e > 0 there exists Q CY with M {Q) > 1—e such that 
u\q is Dini-continuous, but the sum where (t>Q is the modulus 

of uniform continuity of u\q, increases if we choose Q larger. 

Summing up. Corollary Q] shows that the general contractive Markov systems 
considered here still inherit some of their thermodynamic properties from finite 
Markov chains, even though their energy function belongs to a class which, as far 
as the author is aware, is not considered by the existing theory of thermodynamic 
formalism. 

Remark 5 An important result of the thermodynamic formalism on topologi¬ 
cally mixing subshifts of finite type is that for a Dini-continuous energy function 
the unique equilibrium state can be obtained as a unique Gibbs state for the same 
energy function (see e.g. m, PI)- 

If all rce’s are contractive, the energy function w|eg Dini-continuous (as in 
Remark EJ and therefore, by Corollary ^ (i), M is also a unique Gibbs state 
for u. However, Y is not necessarily a subshift of finite type (not necessarily 
closed) and u|y is not necessarily Dini-continuous if the maps are contractive 
only on average. We do not know in this case whether the measure M still can 
be constructed as a unique Gibbs state. 
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